Abstract: Based on the highly successful application of quaternions for attitude estimation, this paper proposes an approach to position, velocity and attitude estimation for Micro Aerial Vehicles(MAVs) using dual quaternions. The states are represented in dual quaternion and time continuous states propagation model are derived via dual quaternion time update equation. At the same time, the error propagation equations based on additive error model is derived and implemented to fuse data from multiple sensors using Kalman Filter. Simulation results showed that the combination of multiple sensor data highly increase the estimate precision. In this paper, the sensor fusion algorithm is pivoted around EKF(Extended Kalman Filter) and dual quaternion.
Introduction
Micro Aerial Vehicles(MAVs) will play an increasingly important role in disaster management, industrial inspection and environment conservation. For such operations, navigating system onboard provides estimates of their states and even environment information to perform tasks accurately and agilely. For minimal cost and weight, Inertial Measurement Unit (IMU) is generally implemented in combination with other sensors. This paper proposed a fusion framework using IMU with other sensors based on dual quaternion for MAVs. Dual quaternion is a powerful mathematical tool representing translation and rotation transformations of rigid body and have been shown to be the most efficient and most compact form of representing rigid body motion [5] . The inertial motion model have been exploited in detail in references [1] [3] and the model is unified in dual quaternion formulation. The proposed expressions are verified through experiment with simulated data. Further, dual quaternion error state differential equations are derived used in EKF framework to fuse data from multiple sources.
Subsequent sections are structured as follows. Section Mathematical Preliminaries briefly explains the theory on quaternion, dual number, dual quaternion and its representation of rigid body motion in 3D space. Section State Estimation for MAVs describes inertial motion model in the formulation of dual quaternion and the fusion framework based on EKF. Section Simulation and Discussion presents simulation results and discussions. Finally section Conclusion concludes the work.
Quaternion
The quaternion is generally defined as
The quantity 0 q is the real or scalar part of the quaternion, and 1 2 3  i j k is the imaginary or vector part. The quaternion can therefore also be written in a four-dimensional column matrix
Quaternion can also be represented as 
, .
where  is the quaternion multiplication,  a b is the dot product and  a b is cross product of vectors a and b . It is to be noted that quaternion multiplication is not commutative. Quaternion multiplication can also be represented as a 4-element vector multiplied by a matrix. 0  1  2  3  0   1  0  3  2  1   2  3  0  1  2   3  2  1  0  3 .
 
The Jacobian matrix of c q with respect to a q and b q respectively are:
The properties of quaternion algebra are discussed more in detail in [6] .
Dual Number
Dual number is similar to a complex number and it is defined as,
where z is the real part, o z is the dual part and  is the dual operator. These real and dual part can be a real number, vector or matrix. The dual number framework is used in kinematics to represent rigid body displacement in 3D space. Dual number supports all algebraic properties and operations. The product of two dual number results another dual number which is denoted as,
Dual matrix can be defined as
where each element of the matrix is dual number. The product of two dual matrices is given by,
Dual Quaternion
Dual quaternion q  is a dual number with quaternion components. It is defined as,
where r q and .
and the multiplication is defined as,
Dual quaternion supports all normal algebraic properties and operations [9] . The conjugate of a dual quaternion is
. The product of q  and its conjugate * q  is one for unit dual quaternion,
Unit dual quaternion is extensively used in kinematics to represent transformation. The inverse of a dual quaternion is given by
The motion of rigid body in 3D space involves rotation followed by translation at every time instant. The rigid body transformation of a body frame with another frame, e.g. inertial frame can be represented compactly by a unit dual quaternion as follows, , , 
The subscript identifies the rotation or translation of body frame b with respect to base frame
is the unit quaternion represents rotation and 0 
with 0 
State Estimation for MAVs
An EKF framework generally consists of prediction and update step. The prediction step is responsible for propagating the state from one time step to next and new measurement information from update step can correct the predicted state with more precision.
Inertial sensor model
Inertial Measurement Unit(IMU) comprises 3-axis accelerometer and 3-axis gyro providing accelerations and angular velocities in body frame. The inertial measurements are assumed to contain a bias b and a zero mean Gaussian white noise n . Thus, real accelerations and angular velocities can be obtained by
.
with m ω as gyro measurements , m a as accelerometer measurements ,  b as gyro bias and a b as accelerometer. The dynamics of a non-static bias b are modeled as a random process:
with b  n and a b n as zero mean Gaussian white noise.
We assume the bias b is static.
The accelerations and angular velocities can be expressed in terms of quaternion:
. 
where 0
and v is a 3 1  vector. 
Inertial Motion Model
The time continuous differential equations can be obtained through (16): 
ˆ.
Error State Model
In the above state representation, the position, velocity and attitude of IMU frame are represented in terms of dual quaternion. It is common that the error states are implemented in the EKF framework. Therefore, we define the additive error state representation as   with q as the real quaternion and q as the estimate quaternion. The error state can be expressed in a vector:
as the difference of estimate to its quantity, e.g. 
c F can be discretized by: 
with   R  from (6) ,   L  from (7) and the subscript :, 2 : 4 identifying that the column vectors spanning from index 2 to 4 are specified as a new matrix.
The discrete-time covariance matrix d Q can be obtained
with the c Q being the continuous-c G time covariance matrix
Therefore, the prior covariance matrix / 1 k k P associated with the prediction of the state is provided:
where 1 k  P denotes the posterior estimate of error covariance matrix at time 1 k  . 
Measurement Model

